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Introduction 


In  this  part,  we  prove  that  if  a  balanced  bipartite  graph  G  contains  an  even 
wheel  cLS  an  induced  subgraph,  then  it  has  an  extended  star  cutset.  The 
proof  is  divided  into  two  papts,  treated  in  Sections  2  cind  3  respectively.  In 
Section  2,  we  give  properti^  of  the  stroppy  adjacent  nodes  to  even  wheels. 
In  particular,  for  an  even  wheel  (IT,^  with  the  smallest  number  of  spokes 
and,  subject  to  this,  the  smallest  n>unber  of  nodes,  we  prove  that  at  least 
two  nodes  of  W,  say  iWt^S'nd  are  adjacent  to  all  nodes  with  more  than 
two  neighbors  in  W.  In  Section  3,  we  prove  that,  for  the  above  choice  of  W 
and  an  appropriate  choice  of  u,  the  nodes  with  more  than  two  neighbors  in 
W  together  with  the  nodes  of  N{v)  form  an  extended  star  cutset  of  G. 


2  Strongly  Adjacent  Nodes  to  an  Even  Wheel 

Let  {W,v)  be  an  even  wheel  of  a  balanced  bipartite  graph  G.  Throughout 
this  part,  we  assume  that  v  €  V^.  We  denote  by  Nw{v)  the  set  of  nodes  of  W 
adjacent  to  v.  We  recaal  from  Part  I  that  a  subpath  of  W  having  two  nodes 
of  Nwiv)  as  endnodes  and  only  nodes  of  V(W)\A^vv(u)  as  intermediate  nodes 
is  called  a  sector  of  (W,  u).  Two  sectors  are  adjacent  if  they  have  a  common 
endnode  and  two  nodes  of  Nwiv)  are  consecutive  if  they  are  the  endnodes  of 
some  sector.  Finally,  we  paint  the  nodes  of  F(W)\A^vv(r^)  with  two  colors, 
say  blue  and  green,  in  such  a  way  that  two  nodes  of  V"(VF)\Nw(t;)  have  the 
same  color  if  they  are  in  the  same  sector,  and  have  distinct  colors  if  they  are 
in  adjacent  sectors.  The  nodes  of  Nw{v)  are  left  unpainted. 

The  goal  of  this  section  is  to  prove  the  following  two  theorems  about  the 
strongly  adjacent  nodes  to  W. 

Theorem  2.1  Let  u  €  V^\N{t')  be  a  node  with  neighbors  in  at  least  two 
distinct  sectors  of  W .  Then  u  has  exactly  two  neighbors  in  W,  say  Uj  and 
Uk-  Furthermore,  the  nodes  Uj,Uk  belong  to  sectors  of  the  same  color  and  at 
least  one  of  Uj,Uk  is  not  adjacent  to  unpainted  nodes. 
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Define  the  set  of  nodes: 


A(M^,  n)  =  {u  €  V'*'!  No  sector  of  (M^, u)  entirely  contains  the  set  iViv(u) 
and  |iVn^(t;)  H  A^w(u)|  ^  2}. 

Theorem  2.2  If  a  balanced  bipartite  graph  contains  an  even  wheel,  then  it 
contains  an  even  wheel  {W,v)  such  that 


n  Nw{u)\  >  2. 

u  €  A{W,v) 


Proof  of  Theorem  2.1:  Assume  u  has  neighbors  in  at  least  three  dif¬ 
ferent  sectors,  say  5,,  5j,  Sk-  If  none  of  these  sectors  is  adjacent  to  the  other 
two,  then  there  exist  three  unpainted  nodes  u,,  Vj,  Vk,  such  that  u,  €  V(5,)  \ 
(V'(5,)uV'(Si)),  V,  €  V(S,)\(K(S.)UV(S,)),  Vt  €  F(S,)\(V(5,)UV(S,)). 
This  implies  the  existence  of  a  3PC(n,v),  where  each  of  the  nodes  u,,  Vj,  Vk 
belongs  to  a  distinct  path  of  the  3-path  configuration,  see  Figure  1.  Now 
assume  some  sector  is  adjacent  to  the  other  two,  say  Sj  is  adjacent  to  both 
Si  and  Sk-  Then,  with  the  notation  of  Figure  2,  there  is  a  ZPC{u,v)  unless 
node  u  has  a  neighbor  u,  in  Si  adjacent  to  u,  and  a  neighbor  Uk  in  Sk  adjacent 
to  Vk-  When  this  is  the  case,  the  nodes  u,  Ui,  u,,  v,  Vk-,  Uk  induce  a  6-hole. 

So  u  has  neighbors  in  at  most  two  different  sectors  of  the  wheel,  say  Sj  and 
Sk-  If  these  two  sectors  are  adjacent,  then  denote  by  Vj  and  Vk  the  endnodes 
such  that  Vj  €  ViSj)  \  V(Sk)  and  Vk  €  V^(*S’fc)  \  1^(5^)  respectively.  Among 
the  nodes  of  N{u)  fl  V(Sj),  let  Uj  be  the  one  such  that  the  UjUj-subpath  of 
Sj  is  shortest.  Similarly  Uk  €  N{u)r\  F(5jt)  has  the  shortest  u^u^-subpath  in 
Sk-  Let  P'  be  the  UjU^-subpath  of  W  containing  the  common  endnode  of  Sj 
and  Sk-  Now,  consider  the  hole  IT'  obtained  from  W  by  replacing  P'  by  the 
path  Uj,u,Uk-  The  wheel  (lT',r)  is  an  odd  wheel.  So  the  sectors  Sj  and  Sk 
are  not  adjacent. 

If  u  has  three  neighbors  or  more  on  li',  say  two  or  more  in  Sj  and  at  least 
one  in  Sk-,  then  denote  by  Vj  and  Vj^x  the  endnodes  of  Sj  and  by  Vk  one  of 
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the  endnodes  of  Sk-  There  exists  a  ^PC{u,v)  where  each  of  the  nodes  Vj, 
Vj-i,  and  Vk  belongs  to  a  different  path.  Therefore  u  has  only  two  neighbors 
in  W,  say  Uj  €  V'(Sj)  and  Uk  €  V{Sk)-  Let  Ci  and  C2  be  the  holes  formed 
by  the  node  u  and  the  two  UjUt-subpaths  of  W,  respectively.  In  order  for 
both  and  (C2,n)  to  be  even  wheels,  the  sectors  Sj  and  Sk  must  be 

of  the  same  color.  Finally,  assume  that  Uj  is  adjacent  to  an  endnode  of  5j, 
say  Uj,  and  that  Uk  is  adjacent  to  an  endnode  of  Ski  say  Ujt.  Then  the  nodes 
u,u,t/j,Uj,UA:,Ufc  induce  a  6-hole.  □ 

Before  proving  Theorem  2.2,  we  need  the  following  results  about  the 
structure  of  a  strongly  adjacent  node  u  €  F’’  to  VF,  relative  to  a  chosen 
center  u  of  the  wheel. 

Type  1  :  There  exists  a  sector  of  (IF, u)  containing  all  the  nodes  of  A'^w(u). 

Type  2  :  Node  u  is  not  of  Type  1  and  all  its  neighbors  in  W  are  unpainted. 
Note  that,  in  particular,  the  center  v  of  the  wheel  is  of  Type  2. 

Type  3  :  Node  u  is  not  of  Types  1  or  2  and  all  its  painted  neighbors  in  W 
have  the  same  color. 

Type  4  :  Node  u  has  painted  neighbors  of  both  colors. 

We  first  study  the  structure  of  the  Type  4  nodes. 

Lemma  2.3  Let  u  be  a  Type  /,  strongly  adjacent  node  to  an  even  wheci 
{W,  v).  Let  s  and  t  be  a  green  and  a  blue  neighbor  ofu,  respectively.  Each  of 
the  st-subpaths  of  VF  contains  at  least  one  unpainted  neighbor  of  u.  Aence 
u  G  A{W,v). 

Proof:  Assume  that  one  of  the  two  sf-subpaths  of  W  contains  no  un¬ 
painted  neighbor  of  u.  Let  Q  be  this  subpath.  Let  F  be  a  s'F-subpath  of 
Q  such  that  s'  is  a  green  neighbor  of  u,  t'  is  a  blue  neighbor  of  u,  and  P 
contains  no  other  painted  neighbor  of  u.  P  contains  an  odd  number  of  un¬ 
painted  nodes,  none  of  which  are  adjacent  to  u.  If  „his  number  is  three  or 


more,  then  v  is  the  center  of  an  odd  wheel  with  hole  induced  by  the  nodes 
of  P  and  u. 

So  P  contains  exactly  one  neighbor  of  u,  say  x.  Consider  the  cycle  C 
with  unique  chord  vx  induced  by  v  and  the  two  sectors  of  W  having  a:  as  an 
endnodc.  Node  it  is  a  strongly  adjacent  node  relative  to  C  and  therefore  must 
be  of  one  of  the  three  types  of  Theorem  3.4(1).  It  is  not  of  Type  1  [3.4(1)]  since 
s'  and  t'  are  in  different  sectors.  It  is  not  of  Type  2(3. 4(1)]  either  since  u  is  not 
adjacent  to  v  or  x.  Since  s'  and  t'  are  painted,  they  are  not  adjacent  to  v  and 
since  s',  t',  x  €  the  nodes  s'  and  i'  are  not  adjacent  to  x  either.  So  the  node 
u  is  not  of  Type  3(3. 4(1)]  relative  to  C.  This  contradicts  the  balancedness 
assumption.  Therefore  Q  must  contain  an  unpainted  node  adjacent  to  u.  □ 


Lemma  2.4  //a  node  ofV^,  strongly  adjacent  to  W,  has  a  unique  neighbor 
w  in  a  sector,  then  node  w  is  unpainted. 


Proof:  Assume  that  node  u  has  a  unique  neighbor  w  in  sector  5,  and 
that  to  is  painted.  Let  Vi  and  Ui.i  be  the  endnodes  of  5,.  Since  node  u  is 
strongly  adjacent  to  W,  it  has  at  least  one  neighbor  in  the  path  induced  by 
V{W)  \  V{Si).  Choose  u"  among  the  nodes  of  Nw{u)  \  and  choose 

u*  among  the  nodes  of  Nw{v)  \  K(5i)  in  such  a  way  that  the  u*i;*-subpath 
of  W  not  containing  Si  is  shortest.  Note  that  u*  €  V‘^,  hence  u’  cannot  be 
adjacent  to  u,  or  i;,_i.  This  implies  a  3PC{w,v),  where  each  of  the  nodes  Vi, 
i;,_i  and  i>’  belongs  to  a  different  path.  □ 

We  now  consider  a  wheel  (W,  ii)  of  G  with  the  following  property. 


Definition  2.5  A  hole  W  is  small  if  there  exist  no  nodes  x,y,z  €  V'' , 
strongly  adjacent  to  W ,  such  that  the  graph  induced  by  V'(W)  U  {x,t/,2} 
contains  a  wheel  {W',u)  where  W  is  a  shorter  hole  than  W  and  u  is  one  of 
the  nodes  x,  y  or  z.  A  wheel  (W,  r)  is  small  if  W  is  small. 


For  example,  the  shortest  hole  W  for  which  there  exists  a  node  v  G 
V’'\V'(W)  with  more  than  two  neighbors  in  W ,  is  a  small  hole.  The  following 
remarks  are  an  immediate  consequence  of  Definition  2.5. 
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Remark  2.6  Every  strongly  adjacent  node  to  W  in  V’’  which  does  not  belong 
to  N{v)  has  at  most  two  neighbors  in  each  sector  of  (W^v). 


Remark  2.7  Every  Type  1  node  u  has  exactly  two  neighbors  in  W ,  say  u' 
and  u" ,  and  there  is  a  painted  node  in  W  which  is  adjacent  to  both  u'  and 


Remark  2.8  For  every  Type  2  node  u,  Nw{u)  =  Nw{v). 


Remark  2.9  Every  Type  3  node  u  has  exactly  two  neighbors  either  in  each 
green  sector  or  in  each  blue  sector.  Hence,  |iV(y(u)|  =  |A^w'(u)|- 


Lemma  2.10  Let  (W^,  u)  be  a  small  even  wheel.  Every  Type  4  node  u  satisfies 
|A^iv(u)|  =  |A^w(u)|. 


Proof:  By  Lemma  2.3,  we  have  that  |A^vv(«)  H  A^iv(v)l  >  2.  Let  P 
be  a  subpath  of  W  with  endnocies  in  Nw{u)  D  Nw{v).,  say  x  and  y  but  no 
intermediate  node  in  Nw(n)  H  Nw{v)-  The  nodes  x  and  y  are  said  to  be 
consecutive  nodes  of  Nw{u)  fl  Nw{v)  in  W.  Now  Lemma  2.3  implies  that 
V"(P)  n  N{u)  does  not  contain  nodes  of  distinct  colors.  Assume  w.l.o.g. 
that  V(P)  n  N{u)  contains  no  green  node.  Then  Definition  2.5  implies  that 
u  has  exactly  two  neighbors  in  every  blue  sector  of  P.  This  shows  that 
|A^w(u)  D  V{P)\  =  n  V'(P)|.  By  repeating  the  argument  between 

any  pair  of  consecutive  nodes  of  N\y{u)  D  Nw[v)  in  W ,  we  get  the  equality 
claimed  in  the  lemma.  □ 


Lemma  2.11  Let  (VT,  u)  be  a  small  even  wheel  and  let  u  be  a  Type  4  node 
having  painted  neighbors  in  two  adjacent  sectors,  say  5'i,Si+i.  Then  every 
Type  2,  3  or  4  node  is  adjacent  to  the  common  endnode  of  5,,  5^+1. 


Proof:  We  use  the  notation  of  Figure  3.  Node  u,  belongs  to  N{u),  as 
a  consequence  of  Lemma  2.3.  Assume  by  contradiction  that  there  exists  a 
node  w,  of  Type  2,  3  or  4,  which  is  not  adjacent  to  v,. 
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V|.  2 

Figure  3: 


By  Definition  2.5,  node  w  has  a  painted  neighbor  in  S',  or  5,+i.  If  w  has 
a  painted  neighbor  in  both  Si  and  S,+i,  then  Lemma  2.3  implies  that  w  is 
adjacent  to  Uj.  Therefore  we  assume  w.l.o.g.  that  w  has  a  painted  neighbor 
in  Si  but  no  painted  neighbor  in  5,+i.  Definition  2.5  implies  that  w  has  a 
neighbor  in  5,4.2 •  Let  ly,  be  the  painted  neighbor  of  w  in  Si  which  is  closest  to 
u,  and  let  Wi+2  be  the  neighbor  of  tu  in  5,4.2  which  is  closest  to  ^<4.1.  (Possibly 
Wi  =  Ui  or  Wi+2  =  Vj4.i).  There  is  a  3PC{vi+i,u): 

Pi  =  t;,4.i, 

P2  =  y,4-i,  the  u, 4.1  ty, 4.2-subpath  of  5,4.2, ty,iyi,  the  ty^u, -subpath  of  Si,u. 

P3  =  the  y,4.iUi4.i-subpath  of  5,4-1,  w.  □ 

Lemma  2.12  Let  (VF,  y)  be  a  small  even  wheel  and  assume  that  a  Type  4 
node  exists.  Then  A{W,v)  contains  all  Type  2,  3  and  4  nodes  and 

I  n  yvM^(u)|  >  2. 

u  G  /1{I  F,  y) 

Proof:  Let  2  be  a  Type  4  node,  having  painted  neighbors  2,  and  Zj  of 
distinct  colors  in  (VV^,  y).  We  show  that  each  of  the  two  u,Uj-subpaths  of  W 
contains  an  intermediate  node  in  n«€.4(H»  l^w{u). 
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Figure  4: 

Let  P  be  one  of  the  two  u,Uj-subpath  of  W  and  let  X  be  the  set  of  Type 
2,  3,  4  nodes  in  (fF,  u).  Pick  a  pair  of  nodes  x,  y  ^  X  such  that  y  is  of 
Type  4  relative  to  (fF,  x)  and  y  has  two  painted  neighbors  yi,  y^  in  P  of 
distinct  colors  in  (VF,  i).  Furthermore  nodes  x  and  y  are  chosen  such  that  the 
length  of  the  yjy,„-subpath  Py,y^  of  P  is  shortest.  If  Py,y„  contains  exactly 
one  unpainted  node  of  (IF,  x),  then  the  proof  follows  from  Lemma  2.11.  Now 
consider  the  case  where  Py,y„  contains  more  than  one  unpainted  neighbor. 
This  number  is  odd,  say  2k  +  I,  and  let  x’  be  the  ^  +  1*‘  unpainted  node  in 
Py,y„,  starting  from  either  end.  We  show  that  every  Type  2,  3,  4  node  with 
respect  to  (IF, x)  is  adjacent  to  x'. 

Assume  not.  Then  there  exists  a  node  w  of  Type  3  or  4  that  is  not 
adjacent  to  x*.  Let  Si  and  Sm  be  the  sectors  of  (IF, x)  containing  yi  and  ym 
respectively  and  having  x/,  x/+i  and  3^m+i  as  endnodes,  see  Figure  4. 

Let  Pxixm+i  be  the  x/x^.^! -subpath  of  IF  containing  x*.  Then  by  as¬ 
sumption,  in  Px,xm^ii  node  w  has  either  two  neighbors  in  every  green  sector 
of  (IF, x)  or  two  neighbors  in  every  blue  sector.  Assume  w.l.o.g.  that  the 
second  alternative  holds  and  that  Si  is  painted  blue.  Let  Xk  be  the  other 
endnode  of  the  blue  sector  having  .r'  as  endnode.  In  this  sector,  let  w'  be 
the  neighbor  of  w  closest  to  x*  and  te*.  the  one  closest  to  x^. 

If  IV  h£is  at  least  one  unpainted  neighbor  in  Si,  then  let  wt  be  such  a 
neighbor  and  assume  w.l.o.g.  that  the  y/ty/-subpath  Py,w,  of  Si  does  not 
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Figure  5:  Weakly  nested  nodes  u  and  w. 


contain  another  neighbor  of  w  or  y.  Then  the  following  three  paths  induce  a 
3PC{x’,w). 


Pi  =  x',y,yi,Py,w,,Wl,W\  P2  =  x\x\.Vk,Px,,wk^'Wk,W,  P3  =  x' ,  P^-^- ,  w\  W. 

Hence  w  is  adjacent  to  xi  and  xj+i.  In  the  wheel  (VF, u;),  node  y  is  of 
Type  4,  having  neighbors  x"  and  yi  in  sectors  of  {W,w)  of  opposite  colors. 
But  now  the  a:*j//-subpath  of  P  is  shorter  than  Py,y„,  a  contradiction  to  the 
choice  of  the  pair  x,  y.  □ 

We  now  examine  the  structure  of  the  Type  3  nodes  and  discuss  how  they 
relate  to  the  other  strongly  adjacent  nodes  in  F’’.  We  continue  to  assume 
that  the  even  wheel  (W,  u)  is  small. 

Let  u  and  w  be  two  nodes  each  having  more  than  two  neighbors  in  W . 
We  say  that  u  and  w  are  weakly  nested  if,  in  every  sector  S  of  (VF,  u)  where 
each  of  the  nodes  u  and  w  has  two  neighbors,  either  the  neighbors  of  w  both 
belong  to  the  path  connecting  the  two  neighbors  of  u,  or  vice  versa,  the 
neighbors  of  u  both  belong  to  the  path  connecting  the  two  neighbors  of  w. 
See  Figure  5  for  an  example.  We  say  that  a  family  of  nodes  has  the  weak 
nestedness  property  if  every  pair  »,  w  of  nodes  in  the  family  is  weakly  nested. 


Figure  6; 

Lemma  2.13  Let  (VF, u)  be  a  small  even  wheel.  Then  the  weak  nestedness 
property  holds  for  the  family  comprised  of  the  Type  2,  3  and  4  nodes. 


Proof:  It  follows  from  the  definition  that  v  is  weakly  nested  with  all 
other  nodes.  Assume  that  two  nodes  n,iv  ^  v,  each  having  more  than  two 
neighbors  in  W,  are  not  weakly  nested.  There  are  two  ways  in  which  this 
could  happen. 


Case  1:  There  is  a  sector  5  where  the  neighbors  of  u,  say  uj  and  U2,  and  the 
neighbors  of  w,  say  lui  and  tt'2,  appear  in  the  order  Ui,u;i,U2,u^2  where 
ui  ^  Wi,U2  ^  wi  and  U2  W2,  see  Figure  6.  In  the  wheel  (IF, u),  node 
w  has  a  unique  neighbor,  namely  Wi,  in  one  sector  and  Wf  is  painted. 
This  contradicts  Lemma  2.4. 

Case  2:  There  is  a  sector  5,  where  the  neighbors  of  u,  say  uj  and  U2,  and 
the  neighbors  of  w,  say  Wi  and  iV2,  appear  in  the  order  ui,  U2,  wi,  W2 
(possibly  U2  =  Wi),  see  Figure  7.  With  the  notation  of  Figure  7,  let  us 
be  the  neighbor  of  u  in  (VT5,+i)  \  {u.+i})  U  F( 5,4.2)  which  is  closest 
to  u,4i,  in  the  path  defined  by  S,+i  and  5, +2-  Similarly,  let  1^3  be  the 
neighbor  of  w  in  (F(5i+i)\  {»^t+i})U  V^(5,+2)  closest  to  r’,+i.  The  nodes 
U3  and  u>3  exist  as  a  consequence  of  Definition  2.5.  Since  w  is  not 
adjacent  to  u,+i,  it  follows  from  Lemma  2.3  that  W3  G  V^(5,+2)-  As  a 
consequence  of  Definition  2.5,  node  u  can  have  at  most  two  neighbors 
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in  a  sector  of  {W,w).  This  implies  that  U3  does  not  belong  to  the 
leiti^a-subpath  of  [V  containing  5^+1.  Define  the  hole  W  as  follows.  It 
contains  the  edge  (u,U2),  the  n2n, -subpath  of  S,  the  edges  ViV,vvi+2^ 
the  t;,+2ti3-subpath  of  5, +2  and  finally  the  edge  U3U.  W  is  shorter  than 
W  and  node  w  has  at  least  three  neighbors  in  W,  contradicting  the 
a.ssumption  that  {W,v)  is  small.  □ 

Let  u,w  G  V  each  have  more  than  two  neighbors  in  W.  We  say  that 
u  >■  w  relative  to  the  wheel  (IT,  v)  if,  in  every  sector  S  of  (W, u)  where  each 
of  the  nodes  u  and  w  ha.s  two  neighbors,  the  neighbors  of  w  both  belong  to 
the  path  connecting  the  two  neighbors  of  u  in  S.  We  say  that  a  family  of 
nodes  hats  the  nestedness  p7'opertrj  if.  for  every  pair  u,w  of  such  nodes,  either 
u  y  w  or  w  >■  u  or  both. 


Lemma  2.14  Let  (IT,  n)  be  a  small  even  wheel.  If  neither  w  y  u  nor  u  y  w 
holds  relative  to  (IT,  u),  then  w  is  a  Type  /,  node  relative  to  the  wheel  (IT,  u) 
and  u  is  Type  4  relative  to  (IT  tc). 


Proof:  By  Lemma  2.13,  nodes  a  and  iv  are  weakly  nested.  This  implies 
that,  if  neither  w  y  n  nor  n  y  w  holds,  then  there  exist  two  sectors  Si,Sj 
in  which  the  nodes  u,iv  have  their  neighbors  as  in  Figure  8  where,  possibly, 
either  u,,  =  uy,  or  =  ii.\^  but  not  both,  and,  possibly,  either  u*,,  =  ret, 

1 1 


Figure  8: 


or  Uk^  =  Wk^  but  not  both.  However,  since  the  -subpath  ^ 
subpath)  not  containing  (n,, )  have  an  even  number  of  nodes  in  Nw{v), 
it  follows  that,  in  each  set  { lejt, ,  } ,  {te,,  at  least  one  of  the  nodes  is 

painted  in  (fF,  u)  and  the  colors  are  distinct.  The  proof  for  u  and  (VF,  le)  is 
identical.  □ 

We  are  now  ready  to  prove  the  main  result  of  this  section. 

Proof  of  Theorem  2.2:  If  there  exists  a  small  even  wheel  having  at  least 
one  Type  4  node,  then  the  result  holds  as  a  consequence  of  Lemma  2.12.  So, 
we  now  consider  the  case  where  every  small  even  wheel  has  no  Type  4  node. 

Let  (VF,  u)  be  a  small  even  wheel  and  let  B  denote  the  set  of  nodes  of  F’’ 
with  more  than  two  neighbors  in  W.  Lemma  2.14  shows  that  the  nestedness 
property  holds  for  the  family  B.  Consider  the  family  comprising  the 
Type  2  nodes  and  Type  3  nodes  that  have  painted  neighbors  in  blue  sectors. 
The  definition  of  the  relation  >-  implies  that,  x,y,z  G  J-  satisfy  x  >-  y 
and  y  z,  then  we  also  have  x  X  r,  i.e.  the  relation  X  is  transitive  in  the 
family  T .  (This  follows  from  the  observations  that  a  contradiction  to  x  X  z 
must  occur  in  a  blue  sector  and  that  y  also  has  two  neighbors  in  that  sector). 
Therefore,  we  can  find  u”  £  such  that  x  X  u*  for  every  x  ^  T.  Now, 
consider  the  wheel  (fF,  u*).  Note  that  (hF,  u')  is  small  and,  w'.l.o.g.,  its  blue 
sectors  are  subpaths  of  the  blue  sectors  of  (lT,t)).  By  our  choice  of  u*,  no 
node  of  B  has  a  blue  neighbor  in  (IF, u*).  By  Lemma  2.14,  5  is  a  nested 
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family  relative  to  (VF,  u*).  Since  all  Type  3  nodes  relative  to  (IT,  u*)  have 
green  neighbors,  the  relation  >-  is  transitive  on  B.  Recall  that  the  definition 
of  nestedness  also  implies  that,  for  x,y  £  B  either  y  >-  x  ox  x  >-  y  ox  both. 
So  we  have  a  total  transitive  order  on  B. 

For  I  >  1  integer,  let  Ai{W,u')  be  the  set  of  Type  2  and  3  nodes  w, 
strongly  adjacent  to  (IT, u*)  such  that  |7Vw(i£;)  D  A^vv(u*)|  >  i-  The  total 
transitive  order  of  the  relation  >-  implies  that  ]  n„gyi,(vv,u*)  ■/Viy(u)|  >  i-  Note 
that  the  set  A{W,u*)  of  Theorem  2.2  coincides  with  A2{W^u'’).  Hence  The¬ 
orem  2.2  holds  for  the  wheel  (IT, n’)  and  the  proof  is  complete.  □ 

Since  the  wheels  used  in  the  proof  of  Theorem  2.2  are  small,  we  make  the 
following  observation. 


Remark  2.15  There  exists  a  small  even  wheel  (IT,  u)  that  satisfies  Theo¬ 
rem  2.2. 


3  An  Extended  Star  Cutset  Theorem  for  Small 
Even  Wheels 


In  this  section,  we  prove  the  following  key  result  concerning  the  decomposi¬ 
tion  of  balanced  bipartite  graphs  that  contain  an  even  wheel. 


Theorem  3.1  Let{W,  u)  be  a  small  even  wheel  in  a  balanced  bipartite  graph. 
Then  every  path  connecting  a  blue  node  to  a  green  node  of  (IT,  u)  contains  a 
node  in  N{v)  U  A{W,  u). 


Corollary  3.2  A  balanced  bipartite  graph  containing  an  even  wheel  has  an 
extended  star  cutset. 


Proof:  There  exists  a  small  even  wheel  (M-^,  v)  such  that  nugyi(w,t;)-NH'(w)  ^ 
0,  as  a  consequence  of  Theorem  2.2  and  Remark  2.15.  Now,  for  any  /i,/2  G 


(^ueA(w,v)^w{u]',  Theorem  3.1  implies  that  N{v)  U  {N{f\)  n  N{f2))  is  an 
extended  star  cutset.  □ 


A  bipartite  graph  is  linear  if  it  contains  no  cycle  of  length  4.  Linear 
balanced  bipartite  graphs  have  been  studied  by  Conforti  and  Rao  [11],  who 
have  proven  the  following  star  cutset  theorem.  This  theorem  can  now  be 
deduced  from  Theorem  3.1. 


Corollary  3.3  A  linear  balanced  bipartite  graph  containing  an  even  wheel 
has  a  star  cutset. 


Proof;  Let  (VT,  u)  be  an  even  wheel  in  a  linear  balanced  bipartite  graph. 
Then  we  have  A{W.,v)  =  {u}.  Otherwise,  let  u  be  some  other  node  in 
A{W,v)  and  let  /i  and  f2  be  two  neighbors  of  u  in  Nw''-  The  nodes  u,  v, 
fi  and  f2  induce  a  cycle  of  length  4,  contradicting  the  linearity  assumption. 
Now  let  (IT,  v)  be  a  small  even  wheel.  It  follows  from  Theorem  3.1  that  N{v) 
is  a  star  cutset.  □ 

In  the  proof  of  Theorem  3.1,  we  make  use  of  the  following  lemma,  which 
appears  in  [11]. 


Lemma  3.4  Let  (IT,  t;)  be  an  even  wheel  in  a  balanced  bipartite  graph  G  and 
let  P  be  a  chordless  path  with  nodes  in  V{G)  \  (T(IT)  U  N{v))  such  that  any 
X  €  T(P)  is  adjacent  to  at  inost  one  node  Nw{v)  o.nd  to  no  painted  node  of 
IT.  Then  at  most  two  nodes  of  A^v  (»’)  have  at  least  one  neighbor  in  P. 


Proof:  Assume  the  lemma  is  not  true  and  let  P'  =  J/i,  J/2i  •  •  • ,  2/n  be  a 
shortest  subpath  of  P  with  the  property  that  three  distinct  nodes  of  Nw{v) 
have  at  least  one  neighbor  in  P'.  Denote  by  Ui,  V2,  V3  the  three  nodes  of 
Nw{v)  with  at  least  one  neighbor  in  P'.  We  can  assume  w.l.o.g.  that  Uj  is 
adjacent  to  j/i  and  no  other  node  of  P',  V3  is  adjacent  to  j/n  and  no  other  node 
of  P'  and  that  V2  is  adjacent  to  some  intermediate  nodes  of  P'.  Let  y,  and 
be  such  nodes,  such  that  the  j/ij/, -subpath  P^^y^  of  P'  and  the  yjj/„-subpath 
^y,vr,  ^  short  as  possil>le. 


14 


Let  P,j  be  the  u.Uj-subpath  of  W  not  containing  Vk,  for  i,j,k  G  {1,2,3} 
and  i  j  ^  k.  Let  H\2  be  the  hole  induced  by  the  nodes  in  P12  and  in  Py^y^, 
Hi3  the  hole  induced  by  the  nodes  in  P13  and  in  P'  and  let  H23  be  the  hole 
induced  by  the  nodes  in  P23  and  in  Py^y^-  Since  (VK, u)  is  an  even  wheel,  then 
one  of  the  paths  Pij  contains  an  odd  number  of  intermediate  nodes  in 
Let  P12  be  this  path.  Then  {Hi2,v)  is  an  odd  wheel.  □ 

Proof  of  Theorem  3.1:  If  the  theorem  does  not  hold  for  {W^v)  ,  let 
P  =  s*,  s, . . . ,  t,  t*  be  a  shortest  path  connecting  nodes  of  W  with  distinct 
colors,  and  containing  no  node  of  N{v)  U  A{W,v).  W.l.o.g.  assume  that 
u  G  V'’",  s*  is  green  and  t'  is  blue.  The  following  possibilities  can  occur  for 
nodes  s  and  t. 


(a)  Node  s  (or  t)  has  only  one  neighbor  in  W,  namely  s"  (<’  respectively), 

(b)  Node  s  (or  t)  belongs  to  V'^  \  A'(ri),  is  strongly  adjacent  to  W,  but  all 
its  neighbors  are  in  the  same  sector  of  (VL,  u), 

(c)  Node  s  (or  t)  belongs  to  \  N(v)  and  has  exactly  two  neighbors  in 

(W^,  u),  one  in  sector  5,  and  one  in  sector  Sj,  i  j,  where  5,  and  Sj 
have  the  same  color, 

(d)  Node  s  (or  t)  belongs  to  K’"  \  /l(M\u)  and  is  a  Type  1  node, 

(e)  Node  s  (or  t)  belongs  to  \/l(lT,  ti)  and  is  a  Type  3  node  with  at  most 

one  neighbor  in  Nw{v). 


It  follows  from  Theorem  2.1  and  Lemma  2.3  that  no  other  possibility  can 
occur  for  the  node  5  (or  t). 

Next,  we  show  that  we  can  dispose  of  the  possibilities  (b)  and  (d)  by 
modifying  the  wheel  {W,v)  and  the  path  P. 

Claim  1:  There  exists  a  wheel  (l'L',u)  and  a  path  P'  =  s*’,  s',  t* 

connecting  nodes  of  distinct  colors  in  (IT',  u),  containing  no  node  of  N{v)  U 
A{W\v),  such  that  the  nodes  s'  and  /'  satisfy  one  of  the  properties  (a),  (c) 
or  (e)  above  and,  furthermore,  the  nodes  ofV{P')  \  {s*  ,s',t',t*  }  have  at 
most  one  neighbor  in  W . 
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Proof:  First,  assume  that  some  node  u  of  V{P)  \  {s*,  s,  t,  t']  has  at  least 
two  neighbors  in  W.  These  neighbors  are  unpainted,  otherwise  a  shorter  path 
P  would  exist.  All  Type  2  nodes  are  in  y4(IF,i>),  so  u  must  be  of  Type  1. 
Denote  by  u,  and  u,_i  the  nodes  of  W  adjacent  to  u  and  by  5,  the 
sector  of  (ly,  ujAssume  w.l.o.g.  that  5,  is  a  blue  sector.  Construct  W  from 
W  by  replacing  the  sector  Si  by  the  sector  u,_i,u, u,  and  let  P'  be  the  s*u- 
subpath  of  P.  Note  that  A{W\v)  =  A{W^v).  Therefore,  P'  connects  sectors 
of  distinct  colors  in  {W\v)  and  contains  no  node  of  N{v)  U  A{W\v).  In  P', 
the  node  t'  adjacent  to  u  is  different  from  s  (if  s  =  then  this  node  is  Type  4 
relative  to  (VF',  u)  but  all  Type  4  nodes  belong  to  A{W\v)).  Note  also  that 
P'  is  shorter  than  P.  So  by  repeating  the  above  procedure,  we  can  dispose 
of  all  the  nodes  of  V{P)  \  with  at  least  two  neighbors  in  W.  In 

the  remainder,  we  assume  w.l.o.g.  that  the  nodes  of  V{P)  \  {s*,  s,  f,  C}  have 
at  most  one  neighbor  in  W  and,  if  this  neighbor  exists,  it  is  unpainted. 

Assume  that  s  satisfies  property  (b)  or  (d)  and  let  Si  be  the  sector  con¬ 
taining  s*.  Denote  by  u,  and  v,_i  the  endnodes  of  5,  and  by  s,  and  s,_i  the 
neighbors  of  s  in  5,  that  are  closest  to  and  v,_i  respectively.  Let  (iy',r) 
be  the  wheel  obtained  from  (H'',  n)  by  substituting  the  s,_is, -subpath  of  5, 
with  Si_i,s,Si  and  let  P'  be  the  subpath  obtained  from  P  by  removing  the 
node  s*,  namely  P'  =  s,s', . . .  ,t,r.  Since  A{W',v)  =  A{W,v),  the  path  P' 
connects  two  sectors  of  (iy',i»)  with  distinct  colors  and  contains  no  node  of 
N{v)  U  A{W\v).  Note  that  s'  =  t  cannot  occur,  since  this  node  would  be 
Type  4  relative  to  (iy',t;),  a  contradiction  to  the  fact  that  P'  contains  no 
node  of  A{W'^v).  Therefore,  has  at  most  two  neighbors  in  W.  If  s'  does 
have  two  neighbors,  it  must  be  of  Type  1  relative  to  (IF',?;),  i.e.  Property 
(d)  holds.  In  this  C2ise  the  above  procedure  can  be  repeated  and  P'  can  be 
shortened  again.  The  proof  of  Claim  1  is  now  complete 

As  a  consequence  of  this  claim,  we  can  assume  w.l.o.g.  that  (W'^,  u)  and 
P  =  s*,s, . . .  ,t,t*  have  the  following  properties,  in  addition  to  those  already 
stated  at  the  beginning  of  the  proof;  s  and  /  satisfy  Properties  (a),  (c)  or  (e) 
and  the  nodes  of  V{P)  \  {s*,s,f,C}  have  at  most  one  neighbor  in  IF. 

Claim  2:  Let  s  be  a  Type  3  node. 


If) 


(i)  If  Nw{s)  n  Nwiv)  =  0,  then  no  node  ofV{P)  \  is  adjacent 

to  a  node  of  W . 

(ii)  If  Nw{s)C\Nwiv)  =  {/},  then  no  node  ofV{P)\{s’,s,t,t"]  is  adjacent 
to  a  node  of  W  \  {/} . 


Proof:  Assume  not  and  let  n  be  the  node  of  V{P)  \  {s*,s,<,r}  which 
is  closest  to  s  in  P  and  adjacent  to  a  node  of  W  (Ca^e  (i))  or  of  ly  \  {/} 
(Case  (ii)).  By  Claim  1,  node  u  can  only  be  adjacent  to  one  node  of  W  and 
this  node  is  unpainted.  Let  x  G  N\v(v)  be  this  node,  see  Figure  9. 

By  Remark  2.9,  node  s  has  exactly  two  neighbors  in  each  green  sector 
of  (Vf'",  u).  By  Property  (e),  s  has  at  most  one  unpainted  neighbor  in  W. 
Let  S,  be  the  green  sector  having  x  as  endnode  and  let  s,  be  the  neighbor 
of  s  closest  to  X  in  5,.  Let  Sj  be  a  green  sector  distinct  from  5',,  say  with 
endnodes  Vj  and  I'j-i  and  let  Sj  and  Sj_i  be  the  neighbors  of  s  in  5j,  closest 
to  Vj  and  respectively.  Assume  w.I.o.g.  that  Sj  is  painted.  Then  x  € 
and  s  G  are  connected  by  a  3PC(.r,s): 


Pi  =  x,u,  the  us-subpath  of  P.  s 
Pj  =  X,  the  xs, -subpath  of  5,  ,  .s 
P3  =  x,v,Vj,  the  Uj.Sj-subpath  of  Sj,  s. 
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This  completes  the  proof  of  Claim  2. 

A  similar  statement  to  Claim  2  holds  when  t  is  of  Type  3. 

Claim  3:  Neither  node  s  nor  node  t  is  of  Type  3. 

Proof:  Assume  s  is  a  Type  3  node.  By  Remark  2.9,  node  s  has  exactly 
two  neighbors  in  each  green  sector  of  (IT, n).  Furthermore,  s  has  at  most 
one  unpainted  neighbor,  say  /.  Let  S,  be  the  blue  sector  containing  <*.  We 
choose  an  adjacent  green  sector  .F.+i  as  follows,  see  Figure  10. 


(i)  If  S,  has  node  /  cis  an  endnode,  let  5,+j  be  the  green  sector,  adjacent  to 
5,,  which  does  not  contain  /  a.s  endnode. 


IS 


(ii)  If  St  does  not  have  node  /  as  an  endnode  but  one  of  the  adjacent  green 

sectors  has  /  as  endnode,  let  5,+i  be  the  green  sector  having  /  as 
endnode. 

(iii)  If  neither  of  the  sectors  adjacent  to  Si  has  /  as  an  endnode  (or  if  /  does 
not  exist),  choose  Si+i  arbitrarily  to  be  one  of  the  sectors  adjacent  to 

5.. 


Let  Vt  be  the  common  endnode  to  S,  and  S,+i  and  let  s,+i  be  the  neighbor 
of  s  in  which  is  closest?  to  v,.  Note  that  s.+i  is  a  painted  node  since  u,  7^  /. 
Finally,  let  5j  be  the  green  sector,  distinct  from  5,+i  and  adjacent  to  Si.  Let 
Uj  /  /  be  an  endnode  of  5j  which  is  not  adjacent  to  f  and  let  Vj-i  be  the 
other  endnode  of  Sj.  (Note  that  such  a  choice  of  vj  is  always  possible  due 
to  the  above  conditions  (i)-(iii)).  Let  Sj  be  the  neighbor  of  s  in  Sj  which  is 
closest  to  Vj. 


Case  1:  Node  t  is  not  adjacent  to  Vj. 

Now  there  is  a  3PC{i',,  s): 

Pi  =  v,t  the  t^r-subpath  of  S,.  the  Ts-subpath  of  P,  s. 
f*2  =  t;,,  the  t;,s,+i-subpath  of  5,+i,  s. 

P3  =  v,,v,Vj,  the  UjSj-subpath  of  Sj,  s. 

Case  2:  Node  t  is  adjacent  to  Vj. 

This  implies  that  t  is  a  Type  3  node  and  that  no  node  of  ViP)  \ 
{s* has  a  neighbor  in  I\\y(v),  else  s  or  /  contradicts  Claim  2. 
Let  P‘  be  the  st-subpath  of  P.  Then  there  is  a  3PC{vjt  s). 

Pi  =  Vj,t,  P\s. 

P2  =  Vj,  the  t’jSj-subpath  of  .s. 

In  Case  (i)  or  (ii).  P3  is  chosen  as  follows: 

P3  =  Vj,V,ftS. 

In  Case  (iii),  let  .Sj_i  be  the  neighbor  of  s  closest  to  in  Sj. 
Then  P3  is  chosen  as  follows: 


Pa  =  Vj,v,Vj-i,  the  -subpath  of  Sj,  s. 


This  completes  the  proof  of  Claim  3. 

Claim  4:  If  s  satisfies  Property  (c),  then  there  exists  a  green  sector  S  with 
the  property  that  each  endnode  of  S  is  adjacent  to  at  least  one  node  in  the 
set  V{P)  \  {5*,  s,  ti  t*}. 

Proof:  Since  node  s  satisfies  Property  (c),  Theorem  2.1  implies  that  there 
exists  a  5,,  say  with  endnodes  t>i  and  such  that  the  unique  neighbor  s,  of 
s  in  Si  is  not  adjacent  to  u,,  u,_i.  Let  Sj  be  the  sector  containing  the  second 
neighbor  Sj  of  s  and  let  Vj,Vj.i  be  the  endnodes  of  S^.  By  Lemma  3.4,  at 
most  two  nodes  of  Nw{v)  are  adjacent  to  V{P)  \ 

Case  1:  No  node  of  jVw(u)  is  adjacent  to  V{P)  \  {s’,s,t,t‘}. 

Let  Sk  be  the  sector  containing  <*  and  let  Vk  ^  be  an  endnode 

of  Sk-  We  can  assume  w.l.o.g.  that  n,  ^  Vk  and  that  I’j  is  not  adjacent 
to  t'.  Then,  there  is  a  ZPC{t\s): 

Pi  =  v,Vk,  the  ujtC-subpath  of  5*,.,  P. 

P2  =  u,n,,  the  ViS, -subpath  of  5,,  s. 

P3  =  v,Vj,  the  UjSj-subpath  of  Sj,  s. 

Case  2:  Exactly  one  node  of  Nw{v),  say  ly  is  adjacent  to  V{P)\{s',s,t,t‘‘}. 
Starting  from  5,  let  u*  be  the  first  neighbor  of  vi  encountered  on  P. 

Case  2.1:  vi  ^  Vj,Vj^i. 

Assume  w.l.o.g.  that  vi  ^  v,.  Then  there  is  a  3PC{v,s}: 

Pi  =  v,vi,u’,  the  u*s-subpalh  of  P,  s, 

P2  and  P3  are  the  same  as  in  Case  1. 

Case  2.2:  ly  =  Vj^i  and  t  satisfies  Property  (a). 

Then,  the  3-path  configuration  of  Case  1  is  still  valid,  except  if  C  is 
adjacent  to  Vj.  So,  we  consider  the  case  where  <*  is  adjacent  to  Vj.  Let 
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Q  be  the  t;j_i<*-subpath  of  W  not  containing  Vj.  Let  n’  be  the  neighbor 
of  n_,_i  which  is  closest  to  t’  on  P  and  let  P*  be  the  Tn'-subpath  of  P. 
Let  H  be  the  hole  formed  by  Q,  P*  and  the  edge  Then  {H,v) 

is  an  odd  wheel. 

Case  2.3:  vt  =  Uj-i  and  t  satisfies  Property  (c). 

As  a  consequence  of  Theorem  2.1,  one  of  the  neighbors  of  f  in  VP  is 
adjacent  to  no  node  of  Nw{v).  Choose  <*  to  be  such  a  neighbor  of  t. 
Then  the  argument  of  Case  1  still  holds. 

Case  3:  Two  nodes  of  Nw[i^)  are  adjacent  to  V(P)  \  {s*,s,t,t*}. 

Starting  from  s,  let  u'  be  the  first  node  of  P  having  a  neighbor  in 
Nw{v),  say  vi  G  Nw(i^).  If  «’/  ^  Uj_i,  then  the  argument  of  Case  2.1 
still  holds.  So,  cissume  w.I.o.g.  that  vi  =  Let  Vj,  be  the  other  node 

of  Nw{v)  with  neighbors  in  V'(P)  \  {s’',s,t,t').  Starting  from  s,  let 
w'  be  the  first  neighbor  of  Vp  encountered  on  P.  Assume  w.I.o.g.  that 
u,  ^  Up.  If  Vp  ^  Uj,  then  there  is  3PC(t»,s): 

Pi  =  v,Vp,w*,  the  i0*s-subpath  of  P,  s. 

Pj  and  Pj  are  as  in  Case  1. 

Hence  Vp  and  Vi  are  the  endnodes  of  the  green  sector  Sj  and  the  claim 
follows. 


If  both  s  and  t  satisfy  Property  (c),  then  Claim  4  implies  that  at  least 
three  nodes  of  Nw{v)^  namely  the  endnodes  of  two  sectors  of  distinct  colors, 
have  neighbors  in  V{P)  \  {s*,s,Cr}.  This  contradicts  Lemma  3.4  eisserting 
that  at  most  two  nodes  of  Nw{v)  can  have  neighbors  in  V{P)  \  {s*,s,t,t'}. 
So  we  can  assume  w.I.o.g.  that  t  satisfies  Property  (a).  The  next  claim  shows 
that  this  cannot  occur  either,  proving  the  theorem. 

Claim  5:  Node  t  cannot  satisfy  Property  (a). 

Proof:  Assume  t  satisfies  Property  (a)  and  let  Vj,Vj-i  be  the  endnodes 
of  the  sector  Sj  containing  C.  First,  we  show  that  at  least  one  node  of  Nw{v) 
has  a  neighbor  in  V^(P)  \  {s‘ .sj,t‘}.  .Assume  not.  Then  Claim  4  implies 


that  node  s  satisfies  Property  (a).  Let  P,  and  P2  be  the  two  s*P-subpaths 
of  W.  Let  Hi  {H2)  be  the  hole  formed  by  P  and  Pi  (P2  respectively).  Both 
Hi  and  H2  have  an  odd  number  of  neighbors  of  v  and,  for  at  least  one  of  the 
holes  this  number  is  greater  than  one.  So  either  {Hi,v)  or  {H2,v)  is  an  odd 
wheel. 

When  traversing  P  from  P,  let  u*  be  the  first  node  encountered  which 
has  a  neighbor  vi  in  Nw{v).  We  show  that  u/  =  Vj  or  Uj-i.  Assume  not 
and  let  Pi  and  P2  be  the  Puy-subpaths  of  W  and  let  P*  be  the  Pu'-subpath 
of  P.  Let  Hi,H2  be  the  two  holes  formed  by  P*,  the  edge  and  Pi,P2 
respectively.  Note  that  v  has  an  odd  number  of  neighbors  in  one  of  these 
two  holes.  This  odd  number  is  greater  than  one,  since  vi  ^  Vj,Vj^i.  Hence, 
either  {Hi,v)  or  {H2,v)  is  an  odd  wheel.  So  vt  is  an  endnode  of  Sj.  Assume 
w.l.o.g.  that  uj  =  Uj. 

If  Vj  is  the  only  node  of  N\y(t')  with  neighbors  in  V{P)  \  {s*,  s,  t,  P}  then, 
by  Claim  4,  node  s  satisfies  Property  (a)  and,  therefore,  Vj  must  also  be  an 
endnode  of  the  sector  containing  s*.  In  other  words,  s'  and  P  belong  to 
adjacent  sectors.  Let  H  be  the  hole  formed  by  P  and  the  s*P-subpath  of  W 
which  does  not  contain  Vj.  Then  (//,n)  is  an  odd  wheel. 

So  there  must  be  a  second  node  of  W,  say  Vi  ^  vj,  with  neighbors  in 
V'(P)  \  {s*,s,t,P}.  Let  w  be  the  neighbor  of  u,  in  P  which  is  the  closest  to 
P  and  let  Q  be  the  u>P-subpath  of  P.  Let  w'  be  the  neighbor  of  vj  closest 
to  w  in  Q,  and  let  Q'  be  the  «m>’-subpath  of  Q.  Let  Pi  be  the  u^Uj-subpath 
of  W  which  does  not  contain  P.  Let  P2  be  the  u.P-subpath  of  W  which  does 
not  contain  Vj.  Finally,  define  the  holes  Hi  and  H2  as  follows.  Hi  is  formed 
by  Pi,Q'  and  the  edges  wv,,ic'Vj.  H2  is  formed  by  P2,  Q  and  the  edge  wvi. 
One  of  the  holes  Hi,  H2  contains  an  odd  number  of  neighbors  of  v  and,  if  v, 
is  not  an  endnode  of  the  sector  containing  P,  the  number  of  neighbors  of  v  is 
greater  than  one  in  each  of  the  holes  H\  and  H2.  So,  either  {Hi,v)  or  (H2,v) 
is  an  odd  wheel.  So  n,  =  Vj-i. 

If  s  satisfies  Property  (a),  then  the  same  argument  shows  that  Uj_i  and 
Vj  are  also  the  endnodes  of  the  sector  containing  s',  a  contradiction  to  the 
fact  that  s'  and  P  are  in  different  sectors.  If  s  satisfies  Property  (c),  then, 
by  Claim  4,  Uj_i  and  Vj  are  the  endnodes  of  a  green  sector,  a  contradiction 
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to  the  fact  that  the  sector  containing  t’  is  painted  blue.  Hence  the  claim 
follows  and  the  proof  of  Theorem  3. 1  is  now  complete.  □ 
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